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A B S T R A C T
A new technique is proposed for estimating turbulent diffusion coefficients (in the present paper turbulence is
assumed to be homogeneous) which is based upon wavelet decomposition which separates the mean and os-
cillatory (random) parts of Lagrangian trajectories. A one-dimensional discrete Daubechies wavelet transform is
applied to decompose Lagrangian trajectories into components, each of which corresponds to a specific time
scale τ. Diagonal diffusion coefficients are calculated from equations obtained from a combination of classical
mixing length theory and general ideas from a theory of turbulent diffusion. Non-diagonal diffusion coefficients
are found using the classical theory of the first passage boundary. The technique is illustrated through the
analysis of twelve trajectories of RAFOS floats along the California-Oregon coast, twenty surface drifters de-
ployed in the California Current System, and forty-five surface drifters deployed in the Black Sea in 2000–2002.
The approach is compared with the well-known Davis (1991) approach in applications to the Black Sea drifters
and single float trajectories along the California-Oregon coast.
1. Introduction
Lately, estimations of turbulent diffusion coefficients from data have
been obtained for different geographic areas of the World Ocean. The
statistical properties of Lagrangian trajectories are crucial for studying
problems such as plankton spreading in the ocean, transport of pollu-
tants in the atmosphere, mixing of fluids or rain initiation in clouds.
Different numerical methods have been used to estimate turbulent
diffusion coefficients from the analysis of Lagrangian trajectories,
starting from the pioneering work of Davis (1991) (which is reviewed
below). Modifications of the techniques proposed by Davis have been
made by Zhurbas and Oh (2003). Lilly and Gascard (2006). Lilly and
Olhede, 2009 and Lilly et al., 2011 developed a method which identifies
and extracts time-varying oscillatory features of unknown frequency
such as the signature of a particle trapped in a vortex or advected by a
wave. Rypina et al. (2012) quantified Lagrangian particle dispersion, a
technique which is widely used to characterize eddy-induced tracer
fluxes by constructing “spreading ellipses”. Griffa et al. (1995) has
suggested a parametric estimation of turbulent transport characteristics
from a simple single particle model. Bauer et al. (1998) introduced a
stochastic model for the analysis of motions of drifters, etc. These
methods have a common weakness: different approaches applied to
separate the real Lagrangian trajectories into mean and diffusion
components give, in general, different results (for discussion, see
LaCasce, 2008; De Dominicis et al., 2012). Compare, for example,
techniques from Fratantoni (2001) who fitted binned velocities with
cubic splines (Bauer et al. (1998)) and used a Gauss-Markov estimator
(Qian et al., 2014) as suggested by Wunsch (1996). Some of these
methods require additional knowledge of the correlation between La-
grangian and Eulerian representations (see for example, LaCasce,
2008). Other methods use datasets, which are too small for averaging,
so checking their convergence is not possible (see, for example,
Fratantoni, 2001).
Here an alternative approach is developed: real Lagrangian trajec-
tories are divided into mean and oscillatory (random) parts using dis-
crete wavelets, which are then used to estimate turbulent diffusion
coefficients from a simple equation (Okubo and Ebbesmeyer, 1976).
The main advantages of the approach are simplicity in calculation and
universality for the analysis of Lagrangian trajectories.
Turbulent diffusion coefficients from Lagrangian data are calculated
in several steps. First, separate mean (Xmean) and oscillatory (Xoscillatory)
components of two-dimensional Lagrangian trajectories are determined
in order to determine mean drift and diffusion coefficients:
= +X X X X X X ,( t) ( t) ( t)o mean o oscillatory o (1)
where Xmean is the mean part of a Lagrangian trajectory, Xoscillatory is the
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oscillatory part of the Lagrangian trajectory, Xo is an initial position of
the Lagrangian particle.
Note that decomposition (1) does not require that Xmean= < X> ,
the generalized Lagrangian mean (GLM) (Andrews and McIntyre,
1978a, 1978b). In fluid mechanics, a motion can be divided into the
GLM and oscillatory parts. While the motion is described as a mixed
Eulerian-Lagrangian flow, it still uses an Earth-fixed Eulerian co-
ordinate system. Therefore, it is incorrect to simply writeV= < V >
+V′, where <V> is the Lagrangian mean velocity, V′ is its oscilla-
tory component. However, the approach here introduces Xmean as the
mean component of motion in an approximate sense, and estimates a
degree of its determinism (see Section 3 for details).
Methods to determine Xmean have been discussed by LaCasce
(2008), and different methods are used (e.g., Davis, 1991; Bauer et al.,
1998; Rypina et al., 2012 and others). Davis (1991) suggested esti-
mating the mean Eulerian velocity from different Lagrangian particles
by averaging over defined geographic regions or “bins”.
Another approach is to fit the binned velocities with cubic splines
(Bauer et al., 1998). In this approach, a “roughness parameter”, which
determines the spatial resolution of the mean, is chosen to minimize the
low frequency energy in the ocean eddy field. The technique yields
smoother means, and this in turn affects the residual velocities. After
Xmean has been found, Xoscillatory≈X-Xmean can be estimated and it is
assumed that Xoscillatory is the result of turbulent diffusion. More com-
plex Lagrangian motions with spatial dimensionality larger than two
will be discussed in a separate paper.
The approach is presented below as follows. First, a Lagrangian
trajectory is divided into a set of Lagrangian sub-trajectories each of
which is characterized by a specific time scale τm (m=1, 2, …, M;
where M is a finite number). Second, each sub-trajectory is identified as
mean or random. The mean motions are typically the low-frequency
Lagrangian drift and identified by the low-frequency part of the
Lagrangian turbulent spectrum (this is demonstrated in Section 2). The
random motions simulate the “diffusion”-like behavior (or some other
types) of Lagrangian trajectories. The technique for the separation is
based on a discrete Daubechies wavelet which has been applied to the
analysis of Sea Surface Height (SSH) data for the California Current
System (Ivanov et al., 2009; Ivanov et al., 2010). This technique is
applied to analysis of RAFOS float drift along the California-Oregon
coast, surface drifter motions for the California Current System, and for
the analysis of surface drifters in the Black Sea. Results demonstrate
that wavelets of 5-6th order allow for close approximation of drifter
trajectories and selection of the Lagrangian mean trajectories, which
have a complex shape and are functions of time. Note that coefficients
of turbulent diffusion estimated by this approach are usually smaller
than those found by the traditional methods such as Davis, 1991,
LaCasce, 2008, and others. This is because mean flows reconstructed for
Lagrangian flow by this technique are often stronger than mean flows
predicted by traditional techniques.
The basic technique for dividing Lagrangian trajectories into a set of
sub-trajectories (sub-domains) is discussed in Section 2. This section also
demonstrates how to distinguish mean and random trajectories in order
to understand what causes the diffusion-like behavior of floats. Section 3
explains how to calculate turbulent diffusion coefficients using the gen-
eral theory of turbulent diffusion and classical mixture length theory.
Here, a method based on the probability weighted moments is used to
estimate the minimal number of observations necessary for objective
estimates. Section 4 contains information about drifter observations in
the large-scale Black Sea circulation collected jointly by the Naval
Postgraduate School (Monterey) and the Marine Hydrophysical Institute
(Sevastopol). Results of the Lagrangian analysis in the California Current
System and the Black Sea are discussed in Section 5. Section 6 contains
the conclusions. Appendices A, B, C and D discuss decomposition, tur-
bulent diffusion coefficients for the first passage theory, probability
weighted moments for estimations of some model parameters and the
Davis (1991) method for estimates of diffusion coefficients.
2. Theory and methods
2.1. Wavelet technique for the analysis of Lagrangian trajectories
A Lagrangian trajectory, {X(t),Y(t)} (Addison, 2005), can be de-
terministic, purely random, or a combination of deterministic and
random. Application of the grid wavelet to the trajectory yields.
=T X(t) dt,mn mn (2)
=F Y(t) dt,mn mn (3)
where Tmn and Fmn are wavelet (or detail) coefficients at scale m, ϕmn is
a scaling function, the integers m and n control the wavelet dilation and
translation respectively (a detailed discussion is given in Torrence and
Compo, 1998).
The signal detail at scale m is defined as
= = …=d T m M(t) , ( 1, , ),nm mm mm (4)
= = …=h F(t) , (m 1, , M).nm mm mm (5)
Details of the mathematical calculations for the above equations are
given in Appendix A.
If Xm(t) and Ym(t) are both smoothed functions representing X(t)
and Y(t) at scale index m (see Eqs. (A4) and (A5) from Appendix A for
calculation of Xm (t) and Ym (t)) then
= =d (t) X (t)–X (t), m 1, ..,M,m m 1 m (6)
= = …h (t) Y (t)–Y (t), m 1, , M.m m 1 m (7)
This is called a multiresolution representation (Mallat, 1989) where
each subdomain is determined by index m. A value of six was used for
M here. When M exceeds six, then the mean flow is distributed between
several subdomains, e.g. for M=8, the mean flow is observed in three
subdomains (m=1,2,3): {X1, X2, X3, Y1, Y2, Y3}.
Fig. 1 shows observed and reconstructed Lagrangian trajectories,
the latter from dm and hm (M=6). The difference between the trajec-
tories was quite small, typically less than the line width, 2–4 km
(Fig. 1a,b,c). In Fig. 1a the trajectories coincide in part because the
observed daily RAFOS positions were smoothed with a cubic spline
(Margolina et al., 2006). The order of wavelet (M=6) chosen for ap-
proximation of the observed trajectory allowed the width of sub-
domains to vary and different scales of the observed trajectory to be
studied.
The mean parts of the reconstructed trajectories (Fig. 1) are shown
in Fig. 2. The low-frequency portions of the trajectories have a complex
form and should be examined for randomness (see Section 3). Sudden
changes of the trajectory direction shown in Fig. 2 b,c (and noted as 1,
2, 3, 4) are probably due to wind direction changes and others factors.
Why not use a 2D wavelet to reconstruct trajectories? The answer is
very simple. Different components of a drifter trajectory often require
wavelets of a different order for their description. For example, some-
times the X component of X is decomposed by a wavelet of the 6th
order, but another component Y requires only the 5th order. Therefore,
it was simpler to use one dimensional wavelets but of different orders.
The selection of different time scales is demonstrated using the
RAFOS trajectory in the California Current System (shown in Fig. 1a) as
an example. The Daubechies wavelet transform decomposed this tra-
jectory into 6 parts: from ∞ to τ1, from τ1 to τ2, … τ5 to τ6, where τ1, τ2,
…, τ5 and τ6 are boundaries between time scales. The time scales were
determined by using a Morlet wavelet transform (Addison, 2005). An
example of how time scales were selected from a wavelet is given in
Fig. 3 (the trajectory decomposed into six sub-trajectories but only
three are shown). Time scales within each of these intervals are de-
termined as 3 days; 4 days; 14 days; 20 days; 106 days, and ~184 days.
Fig. 3a shows the mean trajectory. Fig. 3b,c give two other sub-trajec-
tories,
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At times, several scales (for example, 3 and 4 days) could be within
the same interval (for example, from ∞ to τ1). In this case, M should be
increased so that only one scale is within one interval.
A second way to estimate the time scale is to calculate its values for
the behavior of dm, hm. For example take dm (m=1, …,6) from Fig. 7.
The time scales can be determined from a global energy spectrum (as
defined by Astaf'eva, 1996) of dm. The width of the subdomains can be
changed by varying M because τ1, τ2, τ3, τ4, τ5 and τ6 change too.
Note too that a number of different decompositions can be used to
determine the time scales of the trajectory. For example, Huang et al.
(1998) developed empirical mode decomposition for analysis of com-
plex signals. To determine if a part of an observed Lagrangian trajectory
is the mean trajectory, a criterion needs to be specified for the mean
trajectory.
Portions of the Lagrangian trajectories determined by {dm, hm}
(m=2, …,M) were concentrated in limited domains of the phase space















Fig. 1. Comparison of the observed (blue) and reconstructed (red) trajectories from the same data.
(a) Subsurface RAFOS float deployed in the California Current system;
(b) Surface drifter deployed in the California Current System;
(c) Surface drifter deployed in the Black Sea.
These results demonstrate good convergence of wavelet decomposition to the observed results. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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centered at the point (0,0). Here it was assumed that this was diffusion
(first approximation) and determined soley by coefficients of turbulent
diffusion. However, this simple decomposition of Lagrangian motions
could be wrong in which case another model of turbulent diffusion (see
for example Bakunin, 2008) should be used for description of the tur-
bulent transport.
2.2. Selection of mean trajectories
Consider a Lagrangian trajectory which is a combination of mean
and oscillatory (random) components. Which component of the drifter
trajectory should be considered the mean? This depends on numerous
geometric and physical factors such as the length of the trajectory, its
behavior and others. Here a simple criteria based on the results ob-
tained by Rios and de Mello (2016) is used.
The Fourier series coefficients akm and bkm (k= 1, …,K) for each
function dm (m=1, …,M), and ckm and gkm (k=1, …,K) for each
function hm (m=1, …,M) are determined, and a set of functions fxm














Fig. 2. Mean parts of float and drifter trajectories deployed in the California Current System (a,b) and the Black Sea (c). The same float and drifters as in Fig. 1 were
used in reconstruction goals.
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These functions were called “a phase spectrum” by Rios and de
Mello (2016). They found that a phase spectrum of a mean trajectory
had a form similar to that shown in Fig. 4b and an oscillatory trajectory
with amplitude variability at intermediate frequencies as shown in
Fig. 4c. Hence, a degree of randomness for any component of the La-













where Lxm and Lym are sizes of the filled domains within the mth sub-
domain and Lx0 and Ly0 are the sizes of the mth subdomain. From the
physical point of view, for mean and random motions ηxm→0 and
ηxm→ 1, respectively. Fig. 4b,c show fxk1 and fxk4, which were used to
determine whether the observed component of the Lagrangian
Fig. 3. Selection of time scales from behavior of d1, d2 and d5 for RAFOS float n115. (a) Mean motion of the float (d1); (b) and (c) diffusion motions of he tfloat (d2)















Fig. 4. A surface drifter deployed in the California Current System. (a) the observed trajectory, (b) fx1 as a function of k; (c) fx4 as a function of k.
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trajectory was deterministic or not.
It is obvious that ηxm < Ω and ηym < Ω where Ω is a phenomen-
ological parameter which defines a mean component of the observed
trajectory. From the theoretical point of view, Ω should be very small
but not 0, and should depend on M. When M increases, Ω decreases
because the size of the filled domain reduces as well. Ω has been de-
termined from numerical experiments with varying M and Ω≈0.05
when the 10-th order Daubechies wavelet transform was used. Varying
M (up to 10), an M was found for which variations of Ω with the
transition to M+1 were smallest. Ω did not depend on individual
trajectories; in the numerical experiments discussed above it was equal
to 0.05. For the opposite case, when ηxm > Ω and ηym > Ω, a random
component exists.
Sometimes a Lagrangian trajectory is decomposed so that ηxm > Ω
but ηym < Ω. In this case, the trajectory {dm,hm} of a Lagrangian
particle is random. Therefore the mean trajectory is excluded and the
focus is on oscillatory trajectories which are a response to turbulent
diffusion. Also note that at times a component of a Lagrangian trajec-
tory which is purely deterministic cannot be found. In this case, con-
tributions of noise must be removed. This can be done using the method
of Rios and de Mello (2016) or others.
Next, the choice of the order of wavelet which accurately approx-
imates the Lagrangian motion is discussed. First, M is increased until
the wavelet energy spectrum has only one global maximum within each
subdomain. Then, criterion based on the phase spectrum from Rios and
de Mello (2016) was applied to select the mean and oscillatory motions.
3. Diffusion coefficients and their estimates for single trajectories
3.1. Diffusion coefficients
Diffusion coefficients can be determined from an original approach
suggested by Okubo and Ebbesmeyer (1976) to estimate the two di-
agonal diffusion coefficients (K11, K22). It is easily to be applied to either
an ensemble of Lagrangian trajectories as well as a single trajectory (see
Appendix D). Other methods can also be used to calculate the diffusion
coefficients (see, for example Bakunin, 2008). The eddy diffusivities K11
and K22 are obtained from a combination of the mixing length (λ) and
the intensity of turbulent velocity (ελ)1/2 (Monin and Yaglom, 2007),
i.e. the diffusivity is proportional to the product of a mixing length and
intensity of turbulent velocities, where ε is the rate of energy dissipa-
tion.
The turbulent intensity is assumed to equal σ1, σ2 and the mixing
length is the standard deviation of the Lagrangian displacement δ1, δ2,
so (Okubo and Ebbesmeyer, 1976)
=K c ,11 1 1 (12)
=K c ,22 2 2 (13)
where c= 0.1 (Ozmidov, 1960), = = X1
1




= = U ,1
1
n 1 n 1
N
n
2 = = Y2
1
n 1 n 1
N
n
2 , = = V2
1
n 1 n 1
N
n
2 , N is a
number of observations, {Xn, Yn} is the oscillatory Lagrangian trajectory
at time tn, and {Un, Vn} is the oscillatory velocity along the Lagrangian
trajectory at time tn.
Also, here m=1 corresponds to a mean motion determined by d1
and h1, but all other motions (m=2, …, 6) are random with intensity
determined by the diffusion coefficients. Sometimes mean motion was
observed to include two subdomains: m=1 and m=2. But these cases
are not discussed here.
It was is not always possible to conclude that the trajectories ex-
hibited diffusive behavior. If only homogeneous turbulence is con-
sidered, the mean square displacement will increase linearly with time.
When displacement behaved differently, another mechanism of turbu-
lent diffusion is responsible.
Here it is assumed that X=dl+ = dm 2
6
m and Y=hl+ = hm 2
6
m.
Therefore K11= = Km 2
6
11(m) and K22= = Km 2
6
22(m). Numerical ex-
periments with variations of m demonstrated that the coefficients of
turbulent diffusion estimated by (12), and (13) from Lagrangian ob-
servations tend to zero when m→6, i.e. K11(m=2) > K11(m=3)
… > K11(m=6) and K22(m=2) > K22(m=3) … > K22(m=6).
See also Fig. 7.
Lagrangian integral times (T1 and T2) and spatial scales (L1 and L2)
are usually determined using K11, K22 and σ1, σ2 as follows (Monin and
Yaglom, 2007):






= =L T , L T .1 1 1 2 2 2 (15)
To estimate other coefficients of the diffusion tensor K which
characterizes the anisotropy of the ocean flow, assume that K xy=Kyx
(symmetric tensor) and use the length of time of first passage, e.g. how












where ɑ, β, γ and εo are coefficients determined numerically as
described in Appendix B. Note that the turbulent environment within
the ellipse is assumed to be homogeneous. Therefore the contribution of
asymmetric diffusion to the float transport because equals to zero and
K12]K21 (see, also, Collins et al., 2004 where it was shown that K12]
K21).
The mean first passage time of this area boundary (see Appendix B)
is











< > = + + =
K K K







where A and B are determined as described in Appendix B. Eq. (17)
derives from the analysis of results obtained by Collins et al. (2004).
The mean first-passage time (MFPT) defines an average timescale for a
stochastic event to first occur (Stratonovich, 1967).
To estimate the mean first passage time, divide a part of the float
trajectory into No portions, each starting from a new point. This allows
construction of the probability density function for τ (p(τ)) and an es-
timate of the mean first passage time < τ> . The probability density
function can be reconstructed when the number of ensemble realiza-
tions, No, is 8–10 (see for Ivanov and Tokmakian (2011) for details).
The following example illustrates the construction of an appropriate
distribution function from small size sampling (Ivanov and Tokmakian).
Require the reconstructed diffusion coefficient K11 > 0 to satisfy a
two-parameter Weibull distribution P(K11) (Johnston et al., 1994). K11
is estimated through the probability weighted moments (PWMs) of K11
calculated from the oscillatory part of Lagrangian trajectories. Since the
first four moments are not zero, K111 is reconstructed from knowledge
of the first three moments, and K112 is calculated from knowing that the
three other moments are non-zero. Then, the least square difference
between both these estimates should be minimized as
(K K ) min.111 112 2 (19)
The same method can be used to estimate K22.
After reconstruction of< τ> , K12 from Eqs. (17)–(18) can be easily
determined. This is a new technique for reconstruction of diffusion
coefficients using the mean first passage time and the probability
weighted moments for estimation of probability density functions.
3.2. Analysis of single trajectories
Note that in the case of a single trajectory, so-called optimal
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diffusion coefficients Kopt are introduced (see, for example, Metzler
et al., 2009; Vestergaard and Flyrbierg, 2016). The optimal coefficients
are more stable to errors in calculation of Kij from a single Lagrangian
trajectory, and satisfy
|K K | ß ( ),optij ij ij 2 (20)
where ω2 is the squared intensity of noise distorting the real process, ßij,
such that ßij→0 if ω2→ 0.
To explain how this diffusion is introduced, an example of turbulent
coefficients K11 and K22 and a simple diffusion model is used (Eremeev
and Ivanov, 1987).
If mean velocities equal zero, then the following equations are true
(Eremeev and Ivanov, 1987)
= =dX/dt (2K ) f (t), dY/dt (2K ) f (t),11 1/2 x 22 1/2 y (21)
where both fx and fy are stochastic delta correlated functions.
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In Eq. (2) T is the measurement time, i.e. the length of the ob-
servation period, s is the so-called lag time and is the width of the time
window sliding across the time series. In an ergodic system, the long-
time average (22) will provide the same information as the ensemble
average. Note that Metzler et al. (2009) discussed a case of the diffusion
coefficients for the mean square displacement ~tα, where α < 1. Here
we limit our discussion to the case of α=1 because t T .
4. Data description
Three datasets are used in this paper: subsurface trajectories of
twelve isobaric RAFOS floats along the Oregon-California coast, twenty
surface trajectories from NOAA's Global Drifter Program in the
California Current System, and fourty-five surface trajectories of Marine
Fig. 5. Comparison of the wavelet decomposition and Davis (1991)' approach for RAFOS float n035 trajectory as a single float trajectory. (a) The observed (blue) and
mean (red) trajectories, (b) diffusion coefficients obtained by the wavelet decomposition, (c) the optimal turbulent coefficients obtained by the wavelet decom-
position, (d) the diffusion coefficients obtained by Davis (1991)' approach when the mean velocity was calculated by the wavelet decomposition. K11 (solid) and K22
(dashed) are the zonal and meridional coefficients, respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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Hydrophysical Institute (MHI)/Naval Postgraduate School (NPS) drif-
ters in the Black Sea.
Collins et al. (2004) applied Davis (1991)'s technique to RAFOS
floats deployed between 1992 and 2002, for statistical analysis of the
large-scale circulation in the California Current System. The symmetric
part Ks of the turbulent diffusivity tensor was estimated as
= =
>
( )K K KK K 0.92 0.220.22 1.07 ·10 cm /s,


















The turbulent diffusion coefficients estimated here are usually
smaller than those obtained using Davis's (1991) approach. Note that
the diffusivity tensor (23) was averaged over all RAFOS floats. See
Poulain and Niiler (1989) for details.
The diffusion coefficients were deterimed for 20 surface drifter
trajectories from the NOAA Global Drifter Program (http://www.aoml.
noaa.gov/phod/dac/gdp.html). Results indicated that initial smoothing
of the drifter trajectories was unsatisfactory when compared to the
original data as well as trajectories reconstructed from the 6th order
Daubechies wavelet decomposition (Fig. 10a). When M→10 the re-
constructed trajectories were closer to the observed trajectory but the
difference between the observed and reconstructed trajectories was
non-zero because the drifter trajectories contained observational errors.
Diffusion coefficients were also estimated for forty-five surface
drifters (float numbers 16,330 to 17,491) from the NPS/MHI drifters
250               500                 750
Fig. 6. Comparison of wavelet decomposition and Davis (1991)' approach for RAFOS float n115 as a single float trajectory. (a) Diffusion coefficients obtained by the
wavelet decomposition, (b) the optimal diffusion coefficients obtained by the wavelet decomposition, (c) the diffusion coefficients obtained by Davis (1991)'
approach when the mean velocity was calculated by the wavelet decomposition. The real and mean trajectories of the present float are shown in Fig. 11. K11 (solid)





















































Fig. 7. Decomposition of the trajectory for RAFOS float n115.
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deployed in the Black Sea by Dr. S. Motizhev (MHI) between 2001 and
2002. These floats have been used by Poulain et al. (2005) and Ivanov
et al. (2007) to study the of large scale circulation of the Black Sea.
5. Results
The Lagrangian mean motion is estimated by applying the method
discussed above to RAFOS floats deployed by the Naval Postgraduate
School in the California Current System, surface drifters from NOAA's
Global Drifter Program and the MHI/NPS surface drifters in the Black
Sea in 2000–2002. An example is shown in Fig. 1a for RAFOS float
n090,which moved northward along the California Coast. This is a
complex trajectory, for which the minimum of diffusion and thus a
weaker turbulent field was observed near 44°N, 126°W. This can be
demonstrated by estimating σy and σx.
5.1. Rafos floats deployed into the California current system
As the first example of estimates for diffusion coefficients, RAFOS
floats n035 (the trajectory is 455 days long) and n115 (the trajectory is
786 days long) are used. T for these floats is of order of several dozen of
days, the observation time T is about 1000 days. The observational and
mean trajectories for the floats are shown in Figs. 5a and 11a,b, re-
spectively.
The estimates of K11 and K22 as a function of time were calculated
for tn= to+ nΔT, where to= 100 days, n=0, …, 20, ΔT=50 days,
t20=T . Results are shown in Fig. 5b and 6a, respectively. A simple
analysis of behavior of the diffusion coefficients indicates that they
varied by an order of magnitude, increasing with time for n035, de-
creasing with time for n115 (K22). It is difficult to select a single value
for the coefficients although they tend to asymptotes at the longest
times.
The optimal diffusion coefficients estimated by Eqs. (22) are shown
in Figs. 5c and 6b, respectively. They also appear to have explicit
asymptotes for longest times and converge much faster than regular
diffusion coefficients. Perturbations of Kopt11 and Kopt22 for long large times
are a consequence of Rossby waves and other processes. Our estimates
give Kopt11 ≈5.7×106 cm2/s and Kopt22 ≈ 6.5× 105 cm2/s for float n035
and Kopt11 ≈ 2.3× 106 cm2/s and Kopt22 ≈ 2.2×106 cm2/s for float n115.
The diffusion coefficients K11 and K22 calculated using methods
suggested by Davis (1991) are shown in Figs. 5d and 6c. Although the
orders of K11 and K22 seem similar to those of Kopt11 and Kopt22 , respec-
tively, the explicit convergence of K11 with time is abscent in both
cases. Therefore, based upon the calculations shown in Figs. 5d and 6c,
it isn't clear which method yields correct turbulent diffusion
coefficients.
To reduce uncertainties which result from calculations of diffusion
coefficients by Davis (1991), an ensemble of realizations was used. The
n115 float trajectory was divided into several parts (for example, into
16 parts, 50 days each), diffusion coefficients calculated for each part
and then averaged over all these parts. Results after the averaging are
shown in Fig. 6c. The number of used parts cannot be< 8–10 because
in opposite case errors of calculated diffusion coefficients will be large
(for details, see Ivanov and Tokmakian (2011)).
There are two ways to use the results obtained by the technique
described here. First, the optimal diffusion coefficients along each
Lagrangian trajectory can be calculated using Eqs. (21)–(22). The result
is a field of diffusion coefficients Then, interpolation is used to re-cal-
culate diffusion coefficients onto nodes of a regular grid, and to fill
gaps. Diffusion coefficients are then reconstructed as a function of
spatial variables. The second method would be to use an ensemble of
Lagrangian trajectories, calculate turbulent diffusion coefficients along
the trajectories and then average them over the ensemble. The results
can be compared to results obtained by other techniques: at the end of
this section, results are compared with those computed using by Davis'
(1991) method.
Without any physical interpretation of Fig. 1, apply a discrete
Daubechies wavelet of the sixth order to the trajectory. Results of the
decomposition of the RAFOS trajectory are given in Fig. 7a–m. Ap-
propriate subdomains can be chosen as follows: the first subdomain
(larger than 49 days), the second subdomain from 14 days to 40 days
Fig. 8. Velocity along the trajectory of RAFOS float n115.






















Fig. 9. Comparison of x- (a) and y-coordinate (b) for the trajectory of RAFOS
float n115. Blue corresponds to the observed float trajectory. Red corresponds
to the mean trajectory. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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and etc. Estimates of τm are obtained easily from the analysis of the
wavelet spectrum using the Morlet wavelet (Addison, 2005). It is clear
that the mean trajectory (this is a deterministic trajectory corre-
sponding to the first selected subdomain, see below) is not a simple
trajectory and cannot be approximated as a motion with velocity which
is constant over time. Components of the Lagrangian mean trajectory
are given in Fig. 7 (d1 and h1). All other components hi and di can be
found in the same figure.
Note that the mean Lagrangian trajectory is differentiable (see
Fig. 8). A function f is said to be continuously differentiable if the de-
rivative f'(x) exists and is itself a continuous function (i.e it has no gaps)
(Banach, 1931).
The mean trajectory changes with time more slowly than the ob-
served trajectory, i.e. faster temporal oscillations have been filtered out
of the observations. Compare red and blue trajectories in Fig. 9.
Before calculating diffusion coefficients from the decomposed data,
it is important to understand which trajectories represent a mean, i.e.
do not contribute to a diffusion process, and which trajectories simulate
diffusive behavior of floats and should be considered random. For
RAFOS floats, Ω=0.05: Lx1 equals to 0.03 for the first subdomain; 0.17
for the second subdomain; 0.5 for the third subdomain; 0.55 for the
forth subdomain; 0.7 for the fifth subdomain and 0.7 for the last sixth
subdomain. These values can be easily calculated from Fig. 10. A simple
visual analysis of all figures confirms that the trajectory in the first
subdomain should be considered deterministic. All other trajectories
are random and they simulate only the turbulent diffusion. We assume
that a trajectory corresponding to the first subdomain is entirely mean
flow.
Then Xr=X-d1 and Yr= Y-h1 and the diffusion can be studied as
the field of Xr,Yr (as an example see Fig. 11). Analyzing behavior of d1,
h1 with time, note that the difference between the observed n115 tra-
jectory and mean trajectory varies with time. The optimal diffusion
coefficients for twelve RAFOS floats deployed along the California-
Oregon coast but at different times and at different depths (Margolina
et al., 2006) have be calculated.
Results for RAFOS float n115 are:
× ×
×
K 2.3 10 cm /s, K 2.2 10 cm /s, K








T1≈ 7.8 days, T2≈ 13.6 days, L1≈ 8.1 km, L2≈ 8.7 km.
Next, diffusion coefficients {Kopt11 (τ), Kopt22 (τ)} and time scales (τ) are
compared (Table 1).
Comparing results obtained by Eqs. (21) and (22) with previous
results (23), the diffusion coefficients obtained by the new technique
were somewhat smaller than previous results (23). Additionally, cal-
culation of diffusion coefficients does not require a trajectory ensemble.
This is the principle difference between the new and old approaches
and methods developed.
The optimal diffusion coefficients calculated for floats n108, n102,
n090, n089, n088, n085, n071, n064, n050 and n039 are shown in
Table 2.
Table 2 shows that the optimal coefficients strongly varied from
float to float but were of the same order. The mean coefficients of
turbulent diffusion averaged over all RAFOS trajectories were
Kopt11 ≈ 0.88×106 (cm2/s), Kopt22 ≈ 0.86× 106 (cm2/s), Kopt12 ≈−0.22
×106 (cm2/s). In general, good agreement exists between these esti-
mates and those obtained by Davis (1991). A visual analysis of the
surface drifter trajectories demonstrate that these data are not as
smooth and contain more noise as compared to the subsurface RAFOS
float data. The error of interpolation for the subsurface float data
is< 1%.
5.2. Drifters deployed into the California current system
The diffusion coefficients calculated from drifter data controlled,
interpolated and distributed by NOAA's Global Drifter Program are
smaller than those obtained for the RAFOS floats. For example, for
drifter N4438 (see, Fig. 12a, b), the optimal diffusion coefficients was
estimated as
Kopt11 ≈ 0.48× 107 (cm2/s), Kopt22 ≈ 0.26×107 (cm2/s),
Kopt12 ≈−0.05× 107 (cm2/s),
T1≈ 1 days, T2≈ 1.6 days, L1≈ 2.0 km, L2≈ 2.4 km,

































































Fig. 10. Examination of a float trajectory on its random and mean parts.
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Kopt11 ≈ 0.48× 107 (cm2/s), Kopt22 ≈ 0.37× 107 (cm2/s), Kopt12 ≈−
0.07×107 (cm2/s),
T1≈ 2.3 days, T2≈ 3.0 days, L1≈ 4.0 km, L2≈ 3.8 km.
5.3. Black sea surface drifters. Comparison to Davis (1991) approach
The usual (not optimal) diffusion coefficients were calculated for
surface drifters deployed in the Black Sea during 2001–2002 (an ex-
ample trajectory is shown in Fig. 13a,b) and results are summarized in
Fig. 11. RAFOS float deployed in the California Current System. (a) the observed RAFOS float trajectory; Note that the reconstructed trajectory coincides with the
observed one with accuracy better than 0.1%; (b) a mean part of the observed trajectory; (c) a random part of the observed RAFOS trajectory.
Table 1
The optimal diffusion coefficients and time scales for the RAFOS float trajectory
n115.
τ(days) 106 46 26 7 3
Kopt11 /106,cm2/s 0.56 0.57 0.25 0.09 0.02
Kopt22 /106, cm2/s 0.51 0.49 0.23 0.08 0.02
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Table 3 and Fig. 14a,b,c. Here averaging is over drifters 16,330–16,337,
17,430–17,491, 28,377–28,379, 33,347–33,352, 34,829–34,834,35,
499–35,502, 40,419–40,428. Poulain et al. (2005) obtained smaller
diffusion coefficients than those shown Table 3 and Fig. 14.
The technique developed here is compared with Davis's method for
instances where different mean velocities are subtracted from the Black
Sea drifter data: mean velocity obtained by wavelet decomposition, the
pseudo Eulerian mean velocities calculated as in Poulain et al. (2005),
and the mean Eulerian velocities calculated by the Black Sea numerical
model of Dr. S. Demishev (MHI) (see also Chu et al., 2003). A geo-
graphic description of the Black Sea circulation can be found in
Korotaev (2003).
Diffusion estimates for trajectories have been found to be very
sensitive to the kind of the mean flow removed from the drifter tra-
jectories, since strong shears (especially those associated with the Rim
Current) contribute strongly to float dispersion. Following Poulain et al.
(2005), a 50 km averaging scale to defines the pseudo-Eulerian statis-
tics.
The diffusion coefficients calculated with subtraction of mean,
which is a function of t, are shown in Fig. 14a. They have explicit
asymptotes for large times (Fig. 14a) which are:
K11≈ 7.5×107 (cm2/s), K22≈ 2.6×107 (cm2/s),
T1≈ 1.45 days, T2≈ 1.42 days, L1≈ 10.4 km, L2≈ 6.2 km.
For the same data but with the subtraction of the pseudo-Eulerian
mean velocity, calculated as it suggested by Poulain et al. (2005), the
zonal (K11) and meridional (K22) components of diffusion coefficients
are:
K11≈ 4.5×107 (cm2/s), K22≈ 1.4×107 (cm2/s),
T1≈ 3.0 days, T2≈ 1.2 days, L1≈ 34 km, L2≈ 12.2 km.
These are about half of those obtained above but the convergence of
K11 and K22 is considerbly worse (see Fig. 14b). Note that if the mean
Eulerian velocity obtained by a numerical model of the Black Sea cir-
culation developed by Dr. S. Demishev (MHI) (Knysh et al., 2001) is
used, then the difference between the diffusion coefficients obtained
above (note that Poulain et al. (2005) practically used Davis (1991)
approach) techniques gets much larger.
If the mean velocity as a function of t is used, then Davis (1991)
approach for this Black Sea data gives.
K11≈ 6.9×107 (cm2/s), K22≈ 2.4×107 (cm2/s),
T1≈ 1.5 days, T2≈ 1.42 days, L1≈ 11, L2≈ 7.1 km.
Fig. 14c shows similar asymptotes for t > 13 days for this estimate
and the wavelet decomposition.
We see from the the previous analysis that for pure diffusion pro-
blems without any mean drift, Davis (1991)'s approach gives results (at
least in values of diffusion coefficents in the asymptotic case when t →
∞if convergence is) similar to those obtained by our approach based on
Eqs. (12) and (13) if the mean trajectory calculated by the wavelet
decomposition technique has been subtracted in both cases. If we
subtract a Eulerian mean from the Lagrangin motion based on the re-
sults of the Black Sea numerical model of Dr. S. Demishev (MHI) (Knysh
et al., 2001; see also, for example Chu et al., 1994), or pseudo-Eulerian
mean as it was done by Poulain et al. (2005), then the difference be-
tween the results from Davis (1991)'s and our approaches can be sig-
nificant. Also it is not clear why in some cases for the Davis (1991)
approach Kij does not converge to a constant for quite large times (see
Fig. 6) for a single diffusion trajectory (see discussion in Section 5 of the
present paper).
6. Conclusions
Ocean currents are characterized by various Eulerian and
Lagrangian time scales. In the this paper, a simple version of flow de-
composition with only two scales is used: one scale for the mean flow
and another scale for turbulent diffusion. The generalization of the
approach for the case of multiple scales and including nonlinear ex-
change of energy between different scales can be made as suggested by
Moffatt (1983). Here only the first step is developed, a method to es-
timate the coefficients of turbulent diffusion from Lagrangian trajec-
tories. It is based upon the decomposition of a Lagrangian trajectory
into several parts (m=1, …,M), each of which corresponds to a spe-
cific time scale, τm. These time scales are easily calculated from a wa-
velet decomposition (Fig. 3).
The general advantages of this approach are as follows.
First, it is simple from the computational point of view. MATLAB
contains all necessary programs for the decomposition of Lagrangian
trajectories. They work very quickly.
Second, the approach seems to work for almost all float/drifter
trajectories. However, it can be applied to the case of multi-dimensional
Table 2
Optimal diffusion coefficients for RAFOS floats n108, n102, n090, n089, n088,
n085, n071, n064, n050, n039 and n035.
Float no Kopt11 /105(cm2/s) Kopt22 /105(cm2/s) Kopt12 /105 (cm2/s)
n108 87.5 24.95 −10.0
n102 151.8 180.1 −30.1
n090 177.4 126.3 −40.5
n089 104.3 116.9 −20.4
n088 59.0 56.8 −16.8
n085 52.4 84.5 −19.2
n071 23.6 37.5 −9.1
n064 47.1 65.4 −17.3
n050 85.2 104.5 −30.6
n039 91.3 67.9 −21.3
n035 57 6.5 −2.1
Fig. 12. Surface drifter N4438 deployed in the California Current System. (a)
Observed (blue) and reconstructed (red) trajectories; (b) a random part of the
reconstructed trajectory. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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diffusivity too. For example, three-dimensional and eight-dimensional
atmospheric models (Lorenz, 1963, 1996) have been examined. These
models were developed to study fundamental issues regarding the
forecasting of spatially extended chaotic systems such as the atmo-
spheric diffusion.
Third, the decomposition divides Lagrangian trajectories into mean
and oscillatory (random) parts based upon a wavelet decomposition.
See for example, Figs. 1 and 2. Mean trajectories generate a complex
Lagrangian field which has number of degrees of freedom explicitly
larger than one or two.
Obviously, diffusion coefficients cannot be calculated arbitrarily.
They should satisfy limits as a consequence from general turbulence
theory. See, for example, Vlasov and Kelley (2014, 2015). This suggests
several ways to understand how well the turbulent diffusion coefficients
are calculated. First, physical parameters (such as a baroclinic de-
formation radius (Ri), time scales, and others) upon which the coeffi-
cients depend are needed. For example, Zhurbas and Oh (2003) as-
sumed that Keff ~ Ri where Keff is an effective diffusion coefficient.
Naturally, an eddy-diffusivity tensor (Artale et al., 1997) described
as.























Fig. 13. Surface drifter 16,332 deployed in the Black Sea. (a) Observed (blue) and reconstructed (red) trajectories; (b) a random part of the reconstructed trajectory.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Table 3













Wavelet decomposition 7.5× 107 2.6×107 1.45 1.26 10.4 6.2
Poulain et al. (2005) with the subtraction of pseudo-Eulerin mean 4.5× 107 1.4×107 3.0 1.2 34 12.2
Davis (1991)'s method when the mean is calculated by our technique 6.9× 107 2.4×107 1.5 1.42 11 7.1
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(X (t) X )(X (t) X ) , i, j 1, 2;tij i i j j
(25)
is the general way to describe the long-time, large-distance behavior of
the diffusion process but it gives little information on the physical
parameters of the diffusion coefficients. Second, a new method based
on probabilistic representation of diffusion coefficients needs to be
developed. Comparison of results is also very useful.
The results obtained in the present paper can be compared with
Paduan and Niiler (1993), Swenson and Niiler (1996) who used other
methods. It is important to understand whether there is an important
difference between the new technique and methods used earlier. Dif-
fusion coefficients were determined along individual drifter trajectories
but not for an ensemble of drifter trajectories as was done, for example,
by Zhurbas and Oh (2003). Their calculations gave K11≈K22≈ 4-
6× 107cm2/s, T≈ 3–4 days (see, Table 1. Lateral Diffusivity and La-
grangian Scales in the Pacific Ocean for comparison with Zhurbas and
Oh (2003)). The new method proposed here gives lower values:
K11≈K22 < 1-2x107cm2/s, T≈7 days for RAFOS floats (compare to
Collins et al., 2004 which used the Davis (1991) technique and obtained
K11≈K22≈ 1x107cm2/s) and considerably less K11≈K22≈0.4
× 107cm2/s, T≈ 1.5 days for surface floats deployed in the California
Current System. K11, K22, T are also functions of horizontal scale. Note
also tha choice of c= 0.1 in Eqs. (12) and (13) needs an additional
study.
Diffusion coefficients in the upper ocean layer being less than the
same parameters estimated for subsurface RAFOS floats can be easily
explained because t theRAFOS floats sampled in the region of higher
eddy activity. The surface drifters give some averaged presentation of
eddy activity in the upper ocean layer.
A simple example demonstrates that we have reconstructed K11, K22
and K12 quite accurately because the shape of the reconstructed dis-
tribution function (Weibull distribution) is well known. Different ap-
proaches can potentially be used here, such as a Bayesian technique,
maximum likelihood method and others. Comparison of our re-
construction technique with Bayesian (see, Ivanov and Tokmakian,
2011) and likelihood techniques (Hosking (1990, 2006); Delicado and
Goria (2008)) (not shown here) demonstrates that our reconstruction
technique gives more accurate results when small samples are used.
Presently there are many studies which obtain diffusion coefficients
analytically. These results can be used to find asymptotic equations for
coefficients. For example, see Dolginov and Silan'ev (1987). They found
a general equation for calculation of the diffusion coefficients and de-
monstrated that if a Gaussian ensemble of Lagrangian trajectories,
Keff ~ ξ−2, ξ→∞, where Keff is an effective diffusion coefficient, ξ=u R3
0 0
0
is the Strouhal number, u0, τ0 and R0 are characteristic large scale ve-
locity, lifetime, and correlation length of turbulent pulsations,
Fig. 14. Comparison of the wavelet decomposition and Davis (1991)' approach for the Black Sea drifters. (a) The wavelet decomposition averaged over a 1350-
member ensemble, (b) Davis (1991)' when the pseudo-Eulerian mean is substracted, (c) Davis (1991)' approach when the mean velocity was calculated by the
wavelet decomposition. K11 (solid) and K22 (dashed) are the zonal and meridional coefficients, respectively.
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respectively. For non-Gaussian ensembles we have Keff~ ξ−1, if ξ→∞.
Obviously, correct estimations for turbulent diffusion coefficients from
Lagrangian data should also have a correct asymptotics for ξ→∞.
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Appendix A. Decomposition of a Lagrangian trajectory
In the present paper we use a mathematical approach for the analysis of float/drifter trajectories only. But in principle the approach can be
expanded onto a multi-dimensional diffusion.
Let us apply the grid wavelet to a Lagrangian trajectory {X(t),Y(t)} (Addison, 2005)
=T X(t) dt,mn mn (A1)
=F Y(t) dt,mn mn (A2)
where Tmn and Fmn are the wavelet (or detail) coefficients at scale m, φm,n is the scaling function, which represents the smoothed signal and is
given by
= 2 (2 t n),nm, m/2 m (A3)
where ϕ is sometimes referred to as the father scaling function or father wavelet. Estimations of the scaling function for discrete Daubechies wavelet
transform are, for example, given in Ruch and Van Fleet (2011).
A continuous approximation of the signal can be generated by summing up a sequence of scaling functions at this scale factored by the ap-
proximation coefficients as follows
= == SX (t) ,nnm mn mn (A4)
= ==Y (t) C ,nnm mn mn (A5)
where Xm(t) and Ym(t) are a smooth, scaling-function-dependent version of the signal X(t) at scale index m.
A signal can be represented through a combined series expansion using both the approximation coefficients and detail coefficients as follows
= +== = =S TX(t) ,nn m n m n mm n mn mn0 0 0 (A6)
= +== = =C FY(t) ,nn m n m n mm n mn mn0 0 0 (A7)
where {Xm, Ym} are smooth scaling functions of the signal {X(t),Y(t)} at scale m; Smn and Cmn are approximate coefficients, mo is an index which will
be determined later.
The signal detail at scale m is defined as
= = Td (t) ,nm mn mn (A8)
= = Fh (t) .nm mn mn (A9)
When a discrete input signal of finite length is considered, the series of coefficients, S1,n has the length N=2M. Since 1≤m≤M and the finite
range of n halves at each scale (Addison, 2005), we can re-write equations (A6) and (A7) for the input signal (m=1) as a sum of the smoothed signal
at scale M and a combination of signal details at scales m:
= + == dX (t) X (t) ,mm M m1 M 1 (A10)
= + == hY (t) Y (t) .mm M m1 M 1 (A11)
We can re-write Eqs. (A10) and (A11) as
=d (t) X (t) X (t),m m 1 m (A11)
=h (t) Y (t) Y (t).m m 1 m (A12)
So, if we can calculate {dm(t), hm(t)} from (A12) and (A13) we are able to estimate a signal within scale m. Eqs. (A12) and (A13) tells us that if we
add the signal detail at an arbitrary scale (index m) to the approximation at that scale we get the signal approximation at an increased resolution (i.e.
at a smaller scale index m−1). This is called a multiresolution representation (Mallat, 1989).
An error of approximation for Eqs. (A12) and (A13) can be calculated as
= += = =tJ( ) (|X (t ) d | /(X (t ) ) |Y (t ) d | /(Y (t ) )),i i 1I obs i m 1M m 2 obs i 2 obs i m 1M m 2 obs i 2 (A13)
where Eq. (A13) gives the root mean square error at time moments ti.; I is the number of observations along the Lagrangian trajectory.
Appendix B. First passage time
Let us estimate the mean first passage time< τ>for a domain bounded by an ellipse Δ, and floats producing only diffusion transport i.e. under
the assumption of a zero mean float velocity. The mean first passage time should satisfy the following equation (Stratonovich, 1967).
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where ε0 is tolerance, ɑ, β and γ are some coefficients.
The boundary condition on Δ is
< > = 0. (B3)
We try to find a formal solution in the form.










By substituting Eq. (B4) into Eqs. (B1) and (B3) we find that
B= (εo)−1 and A=B−1 + +K K K11 22 12 )
−1,
K12 is a solution of Eq. (B5)
< > < >[ ] min.exact obs 2 (B5)
Here we assume that diffusion coefficients K11 and K22 were obtained from Eqs. (12) and (13).
From the practical point of view we should solve an equation
+ +
=















by an iterative method to find K12 when coefficients K11 and K22 are known.
Appendix C. Reconstruction of mean first passage time
Probability weighted moments defined by Greenwood et al. (1979) are precursors of L-moments. Sample probability weighted moments,
computed from data values X1, X2, … Xn, arranged in an increasing order, are given by b0=n-1 = Xj 1
n
j, …, br= n-1 =+
…
… Xjj 1
n (J 1) (J r)
(n 1) (n r)
L-moments are certain linear combinations of probability weighted moments that have simple interpretations as measures of the location,
dispersion and shape of the data sample. The first few L-moments are defined by l1= b1, l2= 2b1-b0, l3= 6b2-6b1+ b0, l4= 20b3-30b2+12b1-b0,
(the coefficients are those of the “shifted Legendre polynomials”).
The first L-moment is the sample mean, a measure of location. The second L-moment is (a multiple of) Gini's mean difference statistic, a measure
of the dispersion of the data values about their mean. Let us calculate the first four moments using some assumption about the shape of the
probability density function. For simplicity we take the cumulative distribution functions to get a more stable estimate. For example, let it be a two-
dimensional Weibull distribution W, which requires estimation of only two unknown parameters: ko (the shape parameter) and so (the scale
parameter) from the analysis of four nonzero PWMs.
A mathematical procedure from Ivanov and Tokmakian (2011) allows to find one of parameters in two different ways, because the number of
unknown coefficients is less than the number of nonzero PWMs, i.e. we are ready, for example, to estimate ko1 and ko2. Then the best estimate ko will
be the one minimizing the value of (ko1 - ko2)2. When the probability density function p(τ) has been determined, we can easily find the mean first
passage time.
< τ> = p d( ) .
0
Appendix D. Davis (1991) method for estimating diffusion coefficients
Following Davis (1991) the single-particle diffusivity tensor is defined as
= < >V dK (x, t) (t ,| X, t ) (t t | X, t ) ,j kjk o o o o (D1)
where V′ and d′ are the departures from the Lagrangian mean velocity and displacement, respectively, to is the label for the time origin, and angle
brackets indicate averaging over the ensemble of particles. In practice, the diffusivity tensor is calculated as follows: every point in the area of
interest is considered as the initial point (Xo,t) of a pseudo-track with both positive and negative values of time yielding an individual displacement d
(to+ t|X,to) as a function of time as well as an individual value of velocity V(to,|X, to) at the origin. Averaging over the ensemble, we obtain the mean
value of displacement D(−t) and velocity V(to). Then we calculate the departures d′(to− t| X, to)= d(to− t| X, to)−D(−t) and V′(to| X, to)=V(to|
X, to)−V(to). Finally, the diffusivity tensor K is calculated as the ensemble mean product −< Vj′(to,|X, to) dk′(to− t|X, to)> or




where Pij is a Lagrangian velocity covariance matrix.
Lagrangian time and space scales are defined by scaling the diagonal elements of the diffusivity matrix by the velocity variance and the r.m.s.
velocity, respectively. They represent “memory” scales following the particles. Specifically we can define the following scales:
Lagrangian integral time scale:
= PT (t) K (t)/ (0),ijij ij (D3)
Lagrangian integral space scale:
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=L K (t)/(P (0)) .ii(t) ij ij 1/2 (D4)
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